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QUESTION 1 [20 marks] 

1. Let Y; < Y, <-++< Ys be the order statistics of 5 independently and identically distributed 

continuous random variables X;, X3, ..., X5 with pdf f given by 

_ (2x for0O<x<1 

FG) = to otherwise 

Then find 

1.1. The pdf of the r‘” order statistics. Hint: f(y) =k DIRON' tN - OI" — [3] 

1.2. The pdf of the minimum order statistics [3] 

1.3. The pdf of the maximum order statistics [3] 

1.4. The pdf of the median [3] 
1.5. The joint pdf of Y;, Yo, ..., Ys [3] 

1.6. The joint pdf of the minimum and maximum order statistics. [5] 

Hint: fy,, yj (Vi yj) = ae [Fel Od [Fx(;) - Rod ho) = Fe(y) 

QUESTION 2 [8 marks] 

2. Let Z,,Zz,....Z, be independently and identically distributed with standard normal distribution 

having E(Z;) = 0 and V(Z;) = 1. Then show, using the moment generating function, that Y = 

Yie1Z; has a normal distribution and what will be the mean and variance of Y? (Hint: If 
o*t? 

X~N(u,02),then Mx(t) =e"), [3] 

QUESTION 3 [9 marks] 

3. Let X,,X2,X3,X4 be arandom sample from a distribution with density function 

1 -Si9) 

felB) = 48° for x > 4 
0 otherwise 

where 6 > 0. 

3.1. Find the maximum likelihood estimator of 6 [6] 

3.2. If the data from this random sample are 8. 2,9.1,10.6 and 4.9, respectively, what is the 

maximum likelihood estimate of 6? [3] 

QUESTION 4 [6 marks] 

4. Let Y;,Y>,...,¥, be n independent random variables such that each Y;~Poisson(8x;), where f is 

an unknown parameter. If {(1, x1), (V2) X2), +» Vn» Xn)} is a dataset where yj, V2, ..., Yn are the 

observed values based on x1, Xz, ...,X, then find the least estimator of (. Hint: If 

Y~Poisson(@), then E(Y) = @ [6] 
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QUESTION 5 [14 marks] 

5. Let X,, Xz, X3, and X, be a random sample of observations from a population with mean mean 

land variance a. Consider the following two point estimators of 

6, = 0.10X, + 0.20X, + 0.40X; + 0.30X, and 

6, = 0.25X, + 0.25X, + 0.30X3 + 0.20X, 

5.1. Show that both estimators are unbiased estimators of y. [4] 

5.2. Find the efficiency of 6, relative to 65. [8] 

5.3. Which estimator is more efficient, 6,or 6? Explain in detail. [2] 

QUESTION 6 [27 marks] 

7. Let X,,X2,..., X, be a random sample from the exponential distribution with the parameter 6 

and the probability density function x; is given by 

1 _1,. 

fela)=jae ® form >0 
0 otherwise 

7.1. Show that the mean and variance of X; are @ and 6? respectively. [8] 
wo. _f1 Hint: My, (t) = (Se =} 

7.2. Show that X is a sufficient statistics for the parameter 0. [6] 

7.3. Show that X is a minimum variance unbiased estimator (MVUE) of 0. [13] 

QUESTION 7 [16 marks] 

9. Suppose one observation was taken of a random variable X which yielded the value 3. The 

density function for X is 

6-1 for0<x<@ 9) = { 
f(x19) 0 otherwise 

and the prior distribution of 0 is 

-2 h(8) = {78 for1 <6 < 00 
0 otherwise 

9.1. Find the posterior distribution of 0. [7] 

9.2. If the squared error loss function is used, find the Bayes’ estimate of 0. [4] 

9.3. If an absolute difference error loss function is used, find the Bayes’ estimate of @. [5] 

=== END OF PAPER=== 
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